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Abstract
The problems related to tortuosity variation whenever filter cakes are composed of cells with different shapes and
compressible biosuspensions are discussed. Presented examples show that neglecting the tortuosity variation may lead
to significant miscalculations of cake porosity or of specific cake resistance. Specific cake resistance of rod-like
particles in cross-flow filtration depends on the higher tortuosity obtained by the shear-induced ordered arrangement.
In turn, spheroid cells such as baker’s yeast cells do not affect tortuosity as much as the rod-shaped cells. By including
tortuosity as a parameter of compressible cakes, a more precise representation of cakes’ behaviour may be obtained.
The tortuosity becomes a highly significant parameter with the increase in filtration pressure. © 2002 Elsevier Science
B.V. All rights reserved.
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Nomenclature
dp particle diameter (m)
filtration flux (m/s)J
Kozeny’s coefficientK
compressibility indexn
filtration pressure (Pa)p
filter medium resistance (1/m)Rm
T tortuosity
weight of cake per unit filtration area (kg/m2)w
average specific cake mass resistance (m/kg)
 ratio length/diameter of the particles
 porosity
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 viscosity (Pa s)
solid particle density (kg/m3) (g/l)s
Indexes
c-f cross-flow filtration
dead-end filtrationd-e
1. Introduction
Cell filtration from liquid phase is a wide
spread operation in biotechnology, food and
beverage industry or wastewater treatment. Due
to the increasing economic importance of those
industries, it is important to provide a correct
interpretation of filtration data, mainly, because,
it may influence the choice of the filtration
method.
Conventionally, separation has to be a multi-
stage process due to the wide ranges of particle
size and their concentration. Suspended particles
may be divided in three groups [1,2]— (1) parti-
cles of a size above 10 m; (2) suspended mi-
croorganisms such as bacteria and yeast ranging
from 0.5 to 8 m; (3) colloidal particles of less
than 0.5 m. Facing increasing environmental
problems, as well as higher costs of water and
energy, producers are looking for new filtration
technologies. This is the case, for example, in
brewing industry, where cross-flow membranes
are widely used to clarify and stabilise beer
[3,4].
Among several filtration methods, dead-end
and cross-flow filtrations are the most frequently
used in industry (see Fig. 1). The dead-end
filtration consists in gradually increasing the
cake thickness up to a level determined by pres-
sure drop or flow velocity. In the end, we have
a cake and a clarified filtrate. Dead-end filtra-
tion is often used as a method to estimate the
specific cake resistance for cross-flow filtration
and usually gives reasonable data for spherical
and ellipsoidal-shaped cells [5].
In cross-flow filtration, the main stream of the
suspension is along a direction parallel to the
filter medium. The filtrate flow is perpendicular
to the main stream and the cake formed is of a
limited thickness. In the end, we have a filtrate
and concentrated slurry, which needs further
dewatering.
Experts mention the cake compressibility as a
matter of concern in different areas of industrial
application, such as the micro-filtration with
cake build-up or the cross-flow filtration with
the build-up of a layer on the filtering surface
[6,7].
Under the action of pressure drop and fric-
tional drag on the cake particles, the compress-
ible cake phenomena can be enumerated as
follows [8,9]: (1) successive particles rearrange-
ment inside the cake under stress; (2) matrix
compression in gel-like cakes; (3) complex cases
where both the aforementioned phenomena in-
terplay, such as in the case of a biofilm. In
every case, the cake structure will be affected by
such diverse phenomena as the collapse of the
pore structure, pore compression and pore dis-
tortion. This set of phenomena will affect in dif-
ferent extent the porosity, the pore size and the
pore tortuosity of the filtration cake.
Fig. 1. Sketch of dead-end and cross-flow filtration.
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So far, the works devoted to the study of cake
compressibility did not pay attention to the effect
the kind of filtration, on the one hand, and the
shape of the particles, on the other, might have on
the cake compressibility and on the cake
resistance.
In this work, we would like to show some
features of filtration of differently shaped and
compressible cells in dead-end and cross-flow
filtration processes. For the analysis, we have used
data published by several authors as well as our
own data gathered from filtration experiments
with baker’s yeast suspensions.
We used in our research commercially available
Saccharomyces cereisiae (baker’s yeast) resus-
pended in an isotonic solution of NaCl. The used
yeast cells displayed a narrow size distribution,
with a measured average cell size of 5.8 m and a
spheroid shape. The determined cell size was close
to the size measured by Schluep and Widmer [10],
viz. 5.35 m. The investigated range of yeast
slurry concentrations was between 1 and 51 g
(yeast dry weight) per litre of isotonic solution
and matched the range used by the major part of
the researchers.
The yeast filtration properties were measured
by filtration through a Gelman membrane (pore
size 0.45 m). The filtration pressure p was
generated by a vacuum pump and was kept con-
stant during the filtration test. Values of p=40
and 80 kPa were chosen based on experimental
conditions mentioned in reviewed publications for
S. cereisiae. These values were also based on the
value of the so-called critical transmembrane pres-
sure, when further pressure increasing slows down
or does not even affect the permeate flux [11].
2. Background
The choice between dead-end and cross-flow
filtration is often based on a case study method
where the diversity in the shape of cells to be
separated is neglected. Moreover, average specific
cake resistance  for cells of extremely different
shape (spheroid and rod-like) is in both cases
estimated by the Kozeny–Carman model of the
porous medium with a fixed coefficient, in the
form [10,12–14].
=
180(1−)
sdp2
3 (1)
where  is the cake porosity; s is the solid particle
density, kg/m3; dp is the particle diameter and 180
is a coefficient for granular bed packing. Applica-
tion of Eq. (1) with coefficient 180 means that for
both packings of spherical and rod-like particles
the tortuosity value is assumed to be the same.
Eq. (1) may be represented in a more detailed
form as:
=
36K(1−)
sdp2
3 =
36K0T2(1−)
sdp2
3 (2)
where T is the tortuosity; K=K0T2 is the
Kozeny’s coefficient (for granular beds K=4.2 to
5.0 [15]; K0 is a shape coefficient depending on a
cross-section capillary pore shape and, for a cylin-
drical pore, it may be assumed as K0=2.0 [16].
By comparing Eqs. (1) and (2), we have
36K0T2=180 from which we get K=K0T2=5.0.
This means that the application of Eq. (1) implies
that K is assumed to be constant. However, as
several authors have underlined [17–20], K will
depend on the packing density, on the particle
shape and, hence, on the tortuosity of the granu-
lar bed.
Other important factor affecting the tortuosity
is the cake compressibility. Usually, the cake
formed by cells on the membrane surface has a
high resistance, because of its compressibility,
which hinders the process output [21]. Cake com-
pressibility may be characterised with the help of
a compressibility index n derived from the relation
of specific cake resistance  with the filtration
pressure p :
= (p)n (3)
where   is a coefficient and n is the compressibil-
ity index. For a range of filtration pressures of
40–80 kPa, the average value of the compressibil-
ity n=0.7 was obtained in our experiments,
which coincides with those measured by Shimizu
et al. [13] for baker’s yeast.
Tanaka et al. [5] measured a compressibility
index of n=0.6 to 1.2 for bacterial cakes. The
lower values corresponded to ellipsoidal cells and
the higher ones to rod-shaped cells. Using Es-
cherichia coli in solutions of increasing ionic
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strength, the compressibility index could be as
high as 1.7 for high ionic strength solutions [12].
Aron and Davis [22] used S. cereisiae cake
layers to investigate protein transport. The filtra-
tion cake was built up previously on a Gelman
membrane of 0.2 m pore size either by vacuum
filtration or by sedimentation from yeast slurry.
They observed that the cake layer formed by
gravity settling displayed a higher resistance to the
protein solute flow as compared with the corre-
sponding value for a yeast layer formed by vac-
uum filtration. The authors assumed that the cake
formed under suction had micropores incorpo-
rated in the layer structure, which provided a
lower flow resistance. From our point of view,
another reasonable explanation may be presented
if one takes in account that, in the first case, the
growing settled cake was loose sediment, whereas,
the cake formed under pressure already displayed
a local resistance distribution. This means that, by
applying pressure to percolate the protein solu-
tion, the gravity settled sediment became com-
pressed and suffered a rearrangement, thereby
increasing its resistance.
In Eq. (2), not only the particle size and poros-
ity are used, but also tortuosity. Therefore, K0
may be affected by the cake compressibility. A
conventional relationship of the specific cake re-
sistance with porosity, as expressed by Eq. (1),
may thus lead to miscalculations of the cake
parameters, as will be illustrated below.
3. Results and discussion
3.1. Influence of cell shape on the specific cake
resistance
Numerous investigations show that for nearly
spherical particles, the cake resistance both in
dead-end and cross-flow filtration has similar val-
ues. In experiments with polystyrol particles and
baker’s yeast, Geissler and Werner [23] concluded
that  should be the same both in static (dead-
end) and in cross-flow filtration. Similar results
were also obtained by Tanaka et al. for C. glu-
tamicum and S. cereisiae [5].
When the particles have a wide range of size
distribution, a size classifying effect of cross-flow
velocity on the particle sizes retained in the cake
layer is observed [23,24]. Larger particles are re-
suspended more easily in the bulk phase, while the
smaller ones are deposited preferentially, leading
to thinner cake layers with a higher hydraulic
resistance [23]. However, in the range of low
cross-flow velocity values examined in [23] for a
polydisperse poly-methyl-meta-acrylate (PMMA)
suspension, where 0.5 mdp50 m, the cake
resistance was found to be the same in both
dead-end and cross-flow filtration. Tanaka et al.
[24], in a study of cross-flow filtration of a yeast
broth cultivated in molasses, mentioned that, at
the initial stage of filtration, the yeast cells and
particles from the molasses were deposited on the
membrane, forming a cake in a similar way as in
dead-end filtration. After the initial stage, the fine
particles from molasses formed a thin layer, which
had a higher resistance than the firstly formed
layer.
The cake resistance of the layer formed by
rod-like particles (bacteria), contrary to the yeast
cell layer, displays significant differences in dead-
end and cross-flow filtration [5,25].
The filtration behaviour during the unsteady-
state phase of cross-flow filtration of broths of
Bacillus subtilis, E. coli and Lactobacillus del-
brueckii, which are rod-shaped, was studied by
Tanaka et al. [25]. Cake resistance at the initial
stage agreed with the one measured in dead-end
filtration, but started to increase in comparison
with the one measured in dead-end filtration due
to the shear-induced arrangement of cells. The
extent of the increase in specific resistance became
higher and the time taken to start the cell arrange-
ment became shorter with an increasing circula-
tion flow rate. The increase in specific resistance
due to the shear-induced arrangement was more
appreciable in the cross-flow filtration of the
broth of L. delbrueckii than the one obtained for
B. subtilis and E. coli. It must be noted at this
point that the ratio length/diameter of L. del-
brueckii is much higher than in the case of bacilli.
The work of Tanaka et al. [5] provides remark-
able results and micrographs of cakes for dead-
end and cross-flow filtration of rod-like bacteria
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Table 1
Calculated values of porosity and tortuosity for B. subtilis, B. breis and B. cereus cakes
Cell suspension d-eJd-e/Jc-f
a c-f (T=
−0.05)d-e (T=
−0.5)c-f
0.433 0.26B. subtilis 1.521/10 1.96
B. breis 1/5 0.305 1.81
0.281/7B. cereus 1.89
a Indexes: c-f-cross-flow filtration; d-e, dead-end filtration.
B. subtilis, B. breis and B. cereus. The cake
resistance in dead-end filtration was lower than in
cross-flow filtration. On the other hand, for cross-
flow filtration, the cake structure changed from
random rod packing to horizontally oriented rod
packing with a structure close to a ‘brick-like’
wall. The authors found a significant difference
between the measured filtrate flux J and the value
calculated by Eq. (4), when the value used for the
specific cake resistance was the one determined in
dead-end filtration experiments.
J=
p
(w+Rm)
(4)
where  is the liquid viscosity; w is the weight of
cake per unit filtration area, kg/m2; Rm is the
membrane resistance, 1/m.
The authors reported experimental cross-flow
fluxes Jc-f for B. subtilis, B. breis and B. cereus
that were, respectively, about 1/10, 1/5 and 1/7 of
the calculated ones (Jd-e) for a dead-end filtration
pressure of 49 kPa. As the membrane hydraulic
resistance, in comparison to the cake resistance, is
small, we can assume Rm=0 in Eq. (4) and from
that assumption, make estimations of the cake
resistance Jd-e/Jc-f=c-f/d-e. The lack of data on
bacterial cake porosity implies that estimation will
only have a qualitative meaning. To reduce the
number of variables in Eq. (2), we represent the
tortuosity as a function of porosity [19,26].
T=−0.5 (5)
Jd−e
Jc− f
=
c− f
d−e
=
[(1−)/4]c− f
[(1−)/4]d−e
(6)
In general, rod-like cells have a ratio =
length/diameter around 4:1–6:1 and, to determine
the porosity of random rod packing in a dead-end
cake, we can use the linear function obtained by
Yu and co-authors [27] for random packing of
monosized cylinders.
=d−e=0.3053+0.02557 (7)
The Function (7) gives a correlation coefficient of
0.9968 and for =5 it has the value d-e=0.433,
which can be assumed to be similar for all suspen-
sions tested by Tanaka et al. [5]. It also works as
a starting point for the estimation of the cross-
flow cake porosity.
Let us estimate the cross-flow resistance
through Eq. (6). When the dead-end porosity is
defined, the cross-flow porosity is the only un-
known. We use the appropriate flux ratio (1/10,
1/5 or 1/7) and the value for the dead-end poros-
ity calculated from Eq. (7), to calculate the depen-
dence [(1−)/4]d-e on d-e and, by replacing the
value found in Eq. (6), we can calculate the
cross-flow porosity c-f. The calculated values are
shown in Table 1. The obtained porosities have
the values 0.26, 0.305 and 0.28, respectively. The
porosity variation is related to the degree of cells
orientation towards the membrane surface: in the
first photo displayed in the work of Tanaka et al.
[5] concerning B. subtilis, an almost perfect brick-
wall structure is shown, with all the rod-cells piled
up in bundles parallel to the membrane surface.
In turn, the fourth photo, also of B. subtilis,
corresponds to a random packing (dead-end
filtration). On the other hand, the third photo, of
B. cereus, is an intermediate case of semi-ordered
packing.
To compare the obtained porosities with the
expected boundary value, an approach used for
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the investigation of percolation through a lattice
of non-overlapping particles was applied [28]. Let
us consider the rod cells as cylinders arranged in
horizontal layers. The hypothetical porous
medium will consist in elementary unit cells, each
of which represented by a prism circumscribing
the cylindrical bacterial cell. By comparing the
cylinder with the unit cell volume, we have, for
the porosity of the uncompressed cake, the value
0=1−/4=0.251 (see Fig. 2). This result can
be considered a reasonable lower bound for
porosity.
Based on the porosity values calculated from
Eq. (7), the tortuosity can be recalculated from
Eq. (5) as 1.52 for dead-end cake, and as 1.96,
1.81 and 1.89 for cross-flow cakes of B. subtilis, B.
breis and B. cereus, respectively. These data show
how significant the role of tortuosity may be on
cake characterisation.
3.2. Porosity calculated from Eq. (1) for
compressible cake
Other example of the tortuosity involvement in
specific cake resistance properties is the cake
compressibility.
3.2.1. Rod-like particles
The first example used data published by
Shimizu et al. [13]. The specific cake resistance
experimentally measured and Eq. (1) were used to
calculate the cake porosity. The authors calcu-
lated  as being 0.15 and 0.05 for baker’s yeast
and rod-like B. caldolitycus M1, respectively, at a
filtration pressure of 100 kPa. The compressibility
index was 0.7 (for baker’s yeast) and 1.0 (for B.
caldolitycus M1). The calculated =0.05 seems to
be too small for the reported cake resistance of
around 2.7×1014 m/kg. By rearranging Eq. (2)
with =2.7×1014 m/kg, as above, dp=1 m and
s=1000 kg/m3 we obtain:
T2(1−)
3
=3750 (8)
We shall now consider two boundary condi-
tions: the condition defined by Eq. (5), when
T=−0.5 and another condition when a more
strong dependency of tortuosity on porosity is
assumed, T=−0.75. Using Eq. (8) above, we have
(1−)/4=3750 and thus, 0.124, T=2.84.
For the second condition, we get (1−)/4.5=
3750 and 0.155, T=4.0, respectively. These
estimated values seem to be more reasonable than
=0.05. Furthermore, Fane et al. [12] measured
the average E. coli cake porosity for different
filtration pressures, different membrane types and
variable solution ionic strength. They obtained
the following range of values for the cake porosity
, for p=30 kPa, 0.1 to 0.18 and, for p=
100 kPa, 0.08 to 0.12. The experimental results
obtained by Fane et al. [12], for rod-like bacteria
such as E. coli, agree with those calculated in the
present work.
3.2.2. Spheroid particles
For a baker’s yeast suspension (average cell size
3.8 m, filtration pressure 100 kPa and 3.2×
1012 m/kg), using Eq. (1), Shimizu et al. [13]
calculated a cake porosity of 0.15. In turn,
Geissler and Werner [23], for baker’s yeast with a
volume fraction in suspension of 0.007 and a
filtration pressure of around 10–50 kPa (0.1–0.5
bar), indicated that yeast cake porosity was com-
prised in the range of (0.300–0.285).
Fig. 2. Schematic representation of rod-like cells piled up in a
brick-like wall structure. As may be seen, the porosity can be
estimated as =1− (m2L/4)/(m2L)=1−/4=0.251.
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With these low values of filtration pressure, the
expected porosity can be estimated by assuming
an uncompressible filter cake. Based on micro-
scopic measurements, a ratio of the minimum to
the maximum yeast cell diameter was found to be
approximately 0.7–0.8 [14]. Our own measure-
ments gave a ratio of 0.7. We may consider the
yeast cell as a body consisting on two hemispheres
on the ends and on a cylindrical part between
them. By assuming now that the hypothetical
porous medium consists in elementary unit cells
represented by a circumscribed prism around the
baker’s yeast cell, it was possible to estimate the
expected uncompressed yeast cell packing poros-
ity as 0=0.284 which agrees with Geissler and
Werner [23] and with our measurement of =
0.283 (p=40 kPa). A linear extrapolation of the
experimentally measured porosity to the pressure
of 100 kPa gives a porosity of about 0.2, which is
higher than the calculated by Shimizu et al. [13].
The differences may be related to the neglected
tortuosity effect. Applying Eq. (5), we have, for
=3.2×1012 kg/m =0.19 and T=2.29, which
corresponds to K=10.5 or (36K)=379, a value
two times higher than the coefficient indicated—
180— in Eq. (1).
The following values of the Kozeny–Carman
coefficient were obtained in our experiments: for a
filtration pressure of 40 kPa— (36K)=204 and
K5.67. For a filtration pressure of 80 kPa—
(36K)=272 and K7.55. As can be seen, the
coefficient K has a tendency to increase with the
increasing filtration pressure. We may speculate
that this increase results from the increase in pore
tortuosity rather than from changes in the pore
size.
4. Conclusions
The examples discussed above lead us to the
following conclusions.
– By neglecting the variation in tortuosity, sig-
nificant miscalculations of cake porosity and of
specific cake resistance might occur;
– Rod-like particles in cross-flow filtration may
be affected by shear-induced arrangement. A
denser packing gives rise to brick-like wall
structures, with a higher tortuosity, which in
turn leads to higher cake resistance;
– The consideration of tortuosity as a variable
parameter in compressible cakes provides a
more precise representation of cake behaviour.
Tortuosity becomes more significant with an
increasing applied filtration pressure.
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